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A MODEL THAT IS CONSISTENT WITH POSSIBLE KINETIC BEHAVIOR
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A model is presented which explains the Na™ currents of voltage-clamped nerve as resulting from a heterogeneous initiation
of a sequential kinetic process. This is in analogy with the heterogeneity of the kinetics of other dielectric relaxations. The
results suggest that: (1) The kinetic processes responsible for the voltage response occur within the membrane rather than at the
surface; (2) The heterogeneity is due to simultaneous thermal diffusion and electric field-induced charge migration: (3) The
slow turnoff upon prolonged depolarization is a voltage-independent. thermally controlled process: (4) The fast turnoff upon
instantaneous repolarization is the reverse of the turning-on process. All the kinetic parameters depend on the transmembrane
potential in accord with the possible behavior expected from activated-state theory. The diffusion coefficient of the charged
species in the membrane as found from the data agrees with that found by photobleaching experiments on general proteins in
membranes. The charge on the molecule responsible for the heterogeneous ‘gating’ can be calculated unambiguously from the

data.

1. Introduction

Experiments using voltage-clamp techniques
were successfully used to elucidate the nature of
the ionic currents of axonal nerve conduction [1-4].
A consensus exists on explaining the impulse
propagation using mathematical descriptions of
the passive electrical response of the axon and the
voltage- and time-dependent ionic permeability
[5—-7]. However, the mechanism causing the trans-
membrane ionic conduction response has been
controversial since the origin of the question. A
consensus exists that the channels traverse the
membrane, that they are proteins, and that the
electric field dependence of opening and closing
must arise from the motion of charged parts of the
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moiecule. A large number of molecular (and
supramolecular) models have been constructed. A
cross-section of these have been reviewed by Roy
[8}. Most of those of which the author is aware
utilize a concerted molecular mechanism and as-
sume detailed voltage-dependent properties.

The detail of these algorithms is remarkable in
light of the results found in the associated field of
dielectric relaxation kinetics in physical chemistry.
In the latter, mechanistic descriptions are, only
with difficulty, extracted from far ‘simpler’ sys-
tems which usually can be varied over far wider
ranges of pH, temperature, concentration, and
solvent than a living nerve. In addition, the de-
scription of the experimental results can generally
only be done by involving a distribution of relaxa-
tion times [9,10]. This is true even for small mole-
cules in low-viscosity solvents. The larger the so-
lute molecules and the more viscous the solvent,
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the larger the heterogenity in the dielectric relaxa-
tion processes. The first paper in this series [11]
introduced equations which account explicitly for
the heterogeneous nature of dielectric relaxation as
1t could apply to the currents in nerve.

Chemical kinetics can be divided into three
separate aspects: phenomenological laws, empiri-
cal models and theoretical mechanisms. In general,
the chronology of describing the kinetics of a given
system follows the trichotomy in the order given
above. The phenomenological laws are the back-
ground against which the kinetics must be tested.
These involve the existence of rate constants and
their dependence on temperature. pressure, electric
potential and chemical changes. The basis of these
laws of kinetics lies in the change in energy of a
chemical system and the exchange of energy and
mass between its component parts as the system
proceeds to its (new) equilibrium. The fundamen-
tal understanding of a system, then, lies in under-
standing its chemical energy which is only re-
flected in the rate consiants. If a postulated em-
pirical model is correct in detail, its rate constants
will follow the behavior expected from the energy
terms. The changes in energies for kinetics in an
electric field and the possible behavior of the rate
constanis of elementary reactions which follow
from that were described in the second paper of
this series [12].

As delineated, the types of-behavior of elemen-
tary kinetic processes in electric fields fall into
three catagories: those associated with dipoles
completely contained inside a voltage gradient;
those asscociated with dipoles, one ‘end’ of which is
outside the gradieat (e.g., at impenetrable sur-
faces); and those associated with a solution of
individua! monopoles. We will see below that after
accounting for the heterogeneity in the Na™* volt-
age-clamp relaxations, the kinetics of the rise and
fall of the current can be seen to be caused by
processes of the latter two types and not the first.
Thus, by considering the phenomenological laws
and the empirical model without assumptions as to
molecular mechanisms, we will find that strong
suggestions of the locations and general mecha-
nisms can, in fact, be made. The conclusions agree
with the results found in recent single-channel
measurements.

For the Na™ current in a voltage-clamped nerve
axon, the most significant kinetic behavior to be
understood is that upon depolarization the current
rise exhibits a sigmoidal form. This contrasts with
the simple exponential decay (but see ref. 3) ob-
served upon prolonged depolarization or instanta-
neous repolarization. Hodgkin and Huxley (the
H-H model) [4] explained the kinetics in the fol-
lowing way. They assumed that the changes in
Na* permeability are due to localized channels
with maximum conductance being g,. and that
the opening and closing of each channel are
governed by the movement of charged particles
within the membrane. The voltage dependence of
the kinetics requires that charged molecules or
ions be involved. In order to fit the observed
kinetics, Hodgkin and Huxley [4] suggested that
the Na™ current arises from an interaction with
three of the charged particles and is then described
by the kinetic function [m(z, V)}?. The rapid ex-
ponential decay in response to repolarization re-
sults from the removal of a single particle. Here V'
is the transmembrane potential. The voltage de-
pendence of ‘m’ is described by forward and
reverse voltage-dependent rates (V') and B,(V),
respectively. In addition, the (apparently voltage-
dependent) inactivation in response to prolonged
depolarization is said to be caused by a separate
‘blocking’ particle, the action of which is described
by a separate function exponential in time, h(z, V'),
where ‘A’ is again described by competing rate
constants a, (V') and B,(V). Thus, the entire kinet-
ics of the Na™ current occurring upon depolariza-
tion and any early repolarization are described in
the H-H model by I(z, V)= gi.Im(z, V)I?
Xh(t, VIV — Va)-

2. The empirical model

In the following a model is described which fits
the Na* current voltage-clamp data at least as
well as the H-H model and within the experimen-
tal errors. Note that no assumptions are made
concerning the voltage depend<nces of the param-
eters selected—these being ascertained from least-
squares fitting of the data corrected for membrane
capacitance and leakage [14] and the resistivity
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difference between light and heavy waters [15].
H,0 was used as a simple. reversible chemical
change that might yield some insight into the
molecular processes involved.

The test of the model is that the rate constants
of the reactions each follow one of the possible
dependencies on potential. In fact, the model yields
a far more detailed picture which is consistent with
the descriptive chemistry of membranes. A diffu-
sion coefficient 1s found which agrees well with
that measured by fluorescence diffusion for gen-
eral proteins in bilayer membranes.

2.1. Assumptions

The model is formulated using kinetics based
on the following assumptions.

(1) The total number of channels (the sum of
both closed and open) remains constant.

(2) Individual Na* channels fluctuate between
open and closed with the total number in each
state depending on some controlling mechanism.
(Channels are sites with a relatively low-potential
barrier for Na™ to cross the membrane.)

(3) The controlling process is microscopically
heterogeneous.

(4) The controlling mechanism inactivates in
sequence after turning on—not independently as
in the H-H model.

Arguments for including heterogenity in the
model follow from many sources [9.10.16-18]. In
this section we discuss the mathematical model.
data reduction and computer-fitting procedures.

2.2, The mathematical equations

We note that the only experimental observation
is the current that passes through the set of con-
duction channels affected by the voltage clamp.
The model is a way to dissect out individual
chemical phenomena contributing to the whole
effect. We thus write out the channel ‘concéntra-
tions’—and infer the physical mechanisms from
the rate constants’ behavior found from current-
curve fitting. In the following steps, the equations
are derived from the four assumptions made above.

The model is formulated mathematically begin-
ning with the kinetic expression for C in the

expression

Ay hs
A—C—D )]

where 4 is the concentration of channels in the
resting state at the depolarized potential (units =
channels /unit area). C the corresponding con-
centration in the conducting state. and D the
concentration in the closed state at the later time.
We assume k; and Ak, are first-order rate con-
stants. The reverse rate constant, A_,. will be
discussed later.

Since the only observable quantity in clamp
experiments is the ior current flow, we can ob-
serve only the number of open, ‘C’ states. Inherent
in this statement is assumption 2, that state C is
either fully open or fully closed to ions with no
other intermediate conducting state (but vide in-
fra). Also. each of the channels opens over a time
which is short compared to the total time of the
current flow which is milliseconds.

We write initially the well known equation for
the concentration at any time. 7. for C in eq. 1
Clry= b ay (e hr — ember) )

ky—k,
where. a_ is the total concentration of sites both
active and passive, since we assume a conservation
of channels, 4 + C+ D= qa_. The time-dependent
value of C(z) for one set, k. k,, is shown in fig. 1.

Eq.2 is given a distribution in time using a
normalized Gaussian lineshape. This function is
used basically for convenience because the
mathematical operation of convolution with it (ex-
plained following) is relatively easy. The mathe-
matical form used is

o(1)=(oyZ= ) 'exp—(1— A1)’ /20 (1<0)=0 3)

where o is the standard deviation and Ar the peak
position in time: both are functions of potential.
The Gaussian function as well as the parameters o
and Ar are illustrated in fig. 1.

Mathematically, the two functions, C(z) and
p(7), can be multiplied point-by-point utilizing the
formalism of convolution. This is illustrated in
fig. 1 for egs. 2 and 3. The convoluted resultant
represents the fraction of total channels open over
time.
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Fig. 1. Diagrammatic representation of the mathematical con-
volution as used for the model. Upper left is the normalized
(area=I® Gaussian distribution with its center at time Ar after
the step potential jump and with a width characterized by o.
This multiplies the curve representing the reaction of channels
in the conducting state, C, illustrated in the upper right. At
most. about 80% are conducting at one time. The resulting
curve illustrates 7 /A4,,, the quotient of the observed current and
the “current facior. Again, at most about 80% of the channels
are conducting at one time. The values of the parameters are
those determined from the current observed at 80 mV depolari-
zation (to —20 mV absolute) from Kimura's squid nerve data.

In order to obtain a resulting current, the frac-
tion-of-channels function is multiplied by a ‘cur-
rent factor’, A_. This scaling factor serves the same
purpose as gy, in the Hodgkin-Huxley formalism.
Here, 1t is first fitted empirically with no assump-
tions regarding its form. However, the value of 4
will depend on a number of factors. We can then
write an equation including the expected factors.
some of whica can be separately determined. (See
section 3.7.)

Ay =ag a8 a-area. (4)

These factors are, respectively: a,, the total num-
ver of chaunels per cm’; B, the electrochemical
drniving force; f, the measure of the fraction of
channels activated; gy, the conductance of Na*
inside the voltage clamp; and the area in cm®.
The inclusion of f results from the expectation
that not all the g, channels may be activated or
activatable at all depolarization potentials: only
some fraction between O and 1 of the total, a,. The
conductance factor, gn,, includes the uncom-
pensated series resistance and the ‘open’-channel

resistance, the latter of which may be voltage
dependent. The electrochemical potential function,
Bng. itself depends on the Na'  equilibrium
(Nernstian) potential, ¥y, and the transmem-
brane potential, V. We make no assumptions about
the descriptive mathematical form of the electro-
chemical potentials, since any detailed description
involves assumptions for which there is no inde-
pendent experimental basis. One likely compli-
cation, for instance, involves having an effectively
electrically asymmetric membrane. As will be seen,
the resuliing 4, values as a function of transmem-
brane potential allow the effects of the electro-
chemical potential to be separated in a reasonable
way.

The total, time-dependent part of the current
then is written (see the full derivation: in the Ap-
pendix)

1(r)=@w0*) " ki / (k2= kD] Ao
-f_t-—m{cxp[—k,(t-—u—.kt)] —exp[ —k,(r—u—2an)]
-expf—u3/202] du 3)

Here u is a false variable of integration and has no
physical meaning. The parameters Az and ¢ are
defined in fig. 1 and eq. 3. The form of eq.5 used
for the computer is shown in the Appendix.

2.3. Experiments and computations

Na™ current data were obtained personally from
Drs. J. Kimura, C. Schauf and H. Meves. The
appropriate figure captions acknowledge their con-
tributions specifically.

For the ?H,O-bathed nerve, a correction to the
measured current was made to account for the
lower conductivity of 2H,O relative to H,O. This
changes the current as measured across the double
C electrode. The value of the correction is 1.22
[19]. Thus, the 4, terms of the H,O and 2H,O
experiments can be compared directly.

Computer fitting of the data was done by a
least-squares routine using programs in the NAG
Library of the Cambridge University Computer
Centre. The independent variables of the nonlin-
ear equation could include all five, 4, At, o, k,
and k,. Alternatively, any number of these could

—
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Fig. 2. (A) The Na™ currents for squid at 1.5°C. Data courtesy
of Dr. J. Kimura. The holding potential was — 100 mV with a
step depolarization to the voltage shown over each curve.
Circles are data noints, the lines are the least-squares fits to the
data. (B) A comparison of the least-squares fits using the
Hodgkin-Huxley equations (------- ) and the model presented
here (———). This is the initial part of the 60 mV de-
polarization of Meves data in H,O. The horizontal line seg-
ments above the baseline shown mark the ‘baseline’ after all
corrections have been made; i.e.. a small uncorrectable outward
current sums with the inward Na™ current at least in the initial
region. Because of the uncertainty of the time course of the
outward current, and the relative size of known corrections, the
data points at less than 0.25 ms (small arrow at left) are far less
certain. the parameter values used to fit the daia are, using the
Hodgkin-Huxley equations, 7, =0.578 ms, 7, =3.877 ms, §n,

be held constant at a fixed value. In general, the
least-squares fitting was so facile that at least one
variable could be held constant with little change
in the residual values which indicated excellence of
fit.

2.4. Sensitivity of parameter fit

The most reproducible and most sensitive varia-
ble is the overall scaling factor. 4. since it affects
the error of all points. It was even independent of
the normalized kinetic model (others have been
made by the author). A typical fit to the data is
shown in fig. 2. It is estimated that the limitations
to the fits is the accuracy of the data reduction.
The calculated variable values were relatively in-
sensitive to the corrections made for currents due
to membrane leakage and polarization. The effects
of differences in the tail were reflected mostly in
k,. This is, next to 4_. the most sensitive variable.
As might be expected, o, Ar and k, interact to
various degrees. The extent of empirical separabil-
ity of the (o, At)-process from that described by &,
can be argued as follows. A simple measure of the
termination of the triggering process is (Ar + 20).
More than 95% of the channels will have fired by
then. These times are about the same point as the
inflection of the rise of the current flows. Usually.
a relatively long time elapses frcm then until the
peak and subsequent decay of the current. Thus.
the variables (Ar,0) and k, are determined in the
curve fitting, each primarily by a different part of
the current response in general. At higher tenipera-
tures, however, the separability of ¢ and Ar from
k, is less clear and scatter in their behavior (espe-
cially &£; and o) results.

It may be noted in passing that in using the

systemn A B C >D. where C is conducting, the
least-squares fits to the data are inferior to the
model described here. This is especially true for
the nerves in 2H,0.

=27.3 mmho cm™?) which is equivalent to a “current term’ in

the present model of 80.5 pA. For the statistical triggering

model, the parameter values are &, =1623 s7 ', &k, =232 s
=142 us. Ar=345 ps, and the current term is 60.4 pA.
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3. Results
3.1. The values of Ar

The time at the peak ot the distribution of
triggering times, as found from the least-squares
fit, is called Az. This is illustrated In fig. 1. Its
values are shown in table 1.

Empirically, a plot of 1/Ar versus AV, the
potential step size, is found to be linear. This is
shown in fig. 3. This behavior, being linear with
potential jump over a range of values of about a
factor of four, is the type expected for movement

Table 1

Parameter values from computer least-squares fit

of charges in ionic conduction [12].

For the process of ionic conduction, we expect
the ion velocities to be directly proportional to the
effective field with the flow becoming infinitely
slow when the potential change is zero. Thus, the
intercept with the voltage axis, (1/A7)=0, will
indicate the true, effective zero of the potential
jump. This differs from the applied potential jump
by a constant value for each nerve. (See fig. 3.)

Table2 shows the holding potential and ap-
parent zero potentials (voltage-axis intercept) as
experienced by the charged species involved in the
‘Ar-process.” The correction between the applied

Depolarization Kk, (k=220 ko Ar a A, k=220
(mV) (ms™1) (ms™) (us) (ns) (nA)
Meves: H,O
30 613 (1716) 324 1450 1195 11.44
40 1188 (1419) 242 sai 355 304
50 2255 (2249) 219 414 285 41.8
60* 2650 (1705) 232 349 142 56.8
70 2500 (2606) 2321 286 91 49.2
80 3204 (3457) 234 239 57 37.2
Depolarization ky (ky,=160) ks Ar 4 Ay k; =160
(mV) (ms™!) (ms™ ") (us) (ns) (nA)
Meves: *H,O
40 487 (549) 175 1203 601 40.5
50 1226 (1230) 160 864 452 41.8
€0 1266 (1167 152 519 177 56.8
70 1619 (1756) 183 439 177 49.3
80 2866 (2860) 153 372 157 40.6
90 3374 (3537) 181 316 105 31.7
100 4250 (5199) 197 280 88 229
110 4213 (5233) 198 248 90 16.7
Depolarization ky (k,=180) ca At o A, k>, =180
(mV) (ms™ ) (ms™1) (us) (us) (»A)
Kimura: H,O
60 301 (5049) 297 1097 407 29.6
70 974 (996) 186 685 195 39.8
80 1795 (1578) 164 542 147 45.3
S0 2412 (2332) 176 398 73 43.7
100 3540 (3700) 184 349 36 38.4
110 4854 (5559) 191 314 31 322
120 7233 (9526) 199 319 2 253
130 (> 10000) 199 246 7 21.6
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Nerve/expl. Holding potential Depolarization Corrected “first current’
{mV) correction (mV) depolarization (mV})
Kimura/squid —100 41 19=3
Meves
squid /H,O - 80 24
squid/*H,0 —~78 21 19
Schauf/Myxicela - 100 14

and apparent zero is shown in the third column of
the table, and the new, corrected zero is seen in the
fourth column. The first analyzable pulse in the
voltage clamp is seen at the potential displayed in
the last column. This is when a current response
has a peak in the time period monitored. It ap-

L R 7 S

3 3. 1 3. i X, 1 s 3
O 20 40 60 80 100 120 140 160 180
mV Depolarization

Fig. 3. Plot of (Ar)™!, found from least-squares fits, versus the
potential step size for the following data. A, Meves H,0 data
for squid; A, the same nerve with 2H,0; O, Myxicola data; ®.
Kimura's squid data. The conditions of measurement are listed
in table 3. An unconstrained least-squares fitting routine was
used, i.e., no parameters were held constant. The lines were
fitted by eye.

pears that the ‘triggering’ process is consistent; it
is effective above about 20 mV corrected depolari-
zation jump and independent of the steady hold-
ing potential.

One possible reason for the difference between
the applied voltage pulse and the effective jump
could be a changing interface potential. This might
be expected to be roughly proportional to the
holding potential and to relax quickly relative to
the Ar-process [20]. This interface potential results
from such detailed mechanisms as reorientation of
surface dipoles. Also, any other capacitance-
producing mechanism of the membrane-interface
system will cause such an effect. This is the first of
a number of resulis that suggest the Arz-process
occurs inside the membrane.

As a result of the linearity with voltage. the
cause of the delay, Az, is seen to arise from a
diffusion process [12]. These occur in free solution
in response to an electric ileld as in electrophore-
sis. Also, such processes occur across liquid /liquid
interfaces when the interface is permeable to ionic
species. * There is no permanent potential estab-
lished due to the ions {20,21]. In other words, we
would expect a potential to be established across

* The “surface” of a liquid or solid is generally considered to be
about 10 A deep. Below that level. bulk properties are con-
sidered to ensue. Since the polar region on the lipid bilaver is
only about that thick, it may be more useful to consider the
membrane to be a polar oil rather than a layercé polar-
nonpolar-polar structure. That is. the membrane properties
are an average of its conceptual sections at least in certain
regions. Such a view may be helpful in further interpretation
of the Ar-process.
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an interface by an externally imposed voltage. But
then ions would flow across the interface uniil the
effects of the field were neutralized. While such a
mechanism is suggested by the above results, the
detailed location of the interface is unknown: e.g..
it could be a membrane/solution or membrane /
protein interface.

We now make an order-of-magnitude calcula-
tion of the charge mobility associated with Ar.
From it, the ionic mobility of the charge(s) re-
sponsible for the Ars-process can be calculated
within an order of magnitude. Let us assume that
a fixed amount of charge is transported across the
interface after the depolanzation. (If this is not
true. the difference will be taken up in the value of
A,.) This charge is transported an average dis-
tance. d= v - Ar. and the velocity. v, is related to
the ion mobility by v=u|z|V. Here, u is the
mobility, = the ion charge and V the potential. We
have seen above that this potential is the effective
potential jump. AV, ;. We now use the following
relationship [22] for the force on a charge.

Force=1.60X10"""/|z{dyne V" ' cm .

Applying a pulse jump of 100 mV across the
membrane. the time Ar=~1X 10"%s. We can as-
sume an average distance of the order of 10A
(certainly about 1-100 A.) Thus, the velocity

t=10"7/107*=10"*cms~!

The field is about 0.1/1077=10°V cm™! ignor-
ing any dielectric constant effects. The force is
then 1.6 %< = X 107%|z|dyne. The ionic mobility. u.
is related to the velocity by

u=r-force=10"* X 1.6 X10"°=2%10 "%|zjcm s~ ' dyne ™'

For z=0.1-10, this is of the order of values
found for ions in ionic solids and for metals in
liqguid metals [23]. Even allowing for the largest
possible dielectric effects, the value again suggests
that the ion motion associated with the Az-process
occurs inside the membrane.

Checking the effectiveness of this simple order-
of-magnitude calculation, if the charged entity were
an Na™, from the Stokes’ formula [22], the viscos-
ity is suggested to be about 10 ¥ P. If the charged
species were 1n water, with viscosity 1 cP, its radius
would be absurd: 3.3 X 10'” A when the charge is
1.

In conclusion, the Ar-process appears to arise
from an ion-conduction mechanism which occurs
inside the membrane. The conclusion is based on
(1) the linear dependence of (1/Ar) with AV, (2)
the existence of an apparent surface capacitance
polarization which changes the applied potential
jump as experienced by the charges responsible for
the Ar-process, and (3) a rough calculation of
apparent viscosity which shows a viscosity ex-
pected for a solid or highly viscous liquid.

3.2. The values of o

The triggering and its distribution are a result
of the motion of some charged species, since the
variable, Az, characterizing its peak position is
voltage dependent. We have envisioned this pro-
cess to be a sheet of charge moving some distance
in order to redistribute the charge to conform to a
new equilibrium in the changed external field (see
fig. 4). The value of Ar (in time units) is thus
related through a velocity to the motional distance
(in spatial units).

Concurrently, the width of the distribution as
characterized by the variable o, the standard devi-
ation of the Gaussian. changes as well. From
simple symmetry arguments. it can be seen that
the externally applied, directional field cannot
broaden or narrow the width of a charge distribu-
tion simultaneously in both the forward and fol-
lowing directions. In other words. Ar. measuring
the peak position in time. must express the entire
voltage dependence of the motion of a plane of
charge. It follows that the width. o, will be inde-
pendent of voltage. The process characterized by o
will then be diffusional. It i1s allowed to proceed
for a time Arz; material will diffuse further during
longer Ar values than shorter ones. The argument
for the dependence of o on Ar follows. The deriva-
tion involves transforming from the spatial ion
distribution to the temporal distribution derived
from the measured Na™ currents.

This derivation is shown pictorially in fig. 4.
Here is displayed the cross-section of the charge
density of the sheet of charge of the Ar-process in
space. It is shown as it has evolved at different
times as the plane of charge proceeds across the
average distance d. Let us call ¢ in the space-
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Fig. 4. Diagrammatic plot of the Gaussian cross-section of
differential charge density as it varies with time and potential.
The triggering effect occurs when the charges reach the line at
the right, a distance d away from the original position. 7y <7, <
75. The center of charge sits at the position at the left at the
holding potential. At r =0 it begins to move. In case A (top).
the potential jump is small and the time taken to traverse the
distance d is long (#3). In that time. diffusion of the charges
takes place to form a relatively broad band of charge. In case
B. the potential jump is intermediate and the narrower distribu-
tion reaches the ‘target’ after a shorter time (7.). In case C. the
potential is Iarge, and a narrowly distributed sheet of charge
reaches the target at time 7,. The behavior illustrated here is the
basis for the analysis of the relationship between o and Ar
presented in the text.

domain o, for the purposes of discussion. The
distribution widens as time procceds. Given a value
of 60 at 1 =0, o, moves out from the center of the
Gaussian at a rate such that (6. —a®)=V2Dr¢. a
simple diffusion relation. For the present we as-
sume ol = 0.

In the model, we measure the ‘arrival’ or effect

of charge at time Ar at the position given by the
line at the right-hand side of fig.4. The time
course that the distribution of the spatialiy spread-
ing sheet of charge follows crossing the line (i.e..
having its effect on the channel) determines the
value of o obtained from the least-squares fit of
the data. Call the value of o in the time domain o,
to distinguish it from the spatial 0. These two
measures are related by the simple equation

o, =0, v=0,(d/A1) (6)

where v is the velocity as used before in the
discussion of Ar. Then. substituting the value of o,
given in eq. 6 into the diffusion relation

V2D 31 =0, (d/At)ore,=(2D sd )-ar* *. (7)

In fig. 5, we plot the values of ¢ versus Ar* ~ for
the data. (The data of ¢ and Ar determined from
Meves’ H,O data are too scattered to use for
interpretation. This is due to bad separability from
k,.) From the graphs. the slope is about 145~ 1 2 *
Therefore. V2D /d =14 s~ ' °. Using the assumed.
approximate value of 10A for 4. as used in the
previous section. we calculate a value of D~ 10 "2
cm?® s~ '. Note that any reasonable choice of 4.
from 0.1 to 100 A, yields a value for D that is
typical for ionic motion in solids [23].

This value is also in agreement with data mea-
suring lateral diffusion in erythrocyte bilayers by
fluorescence redistribution [24]. In that work. the
measured. average diffusion coefficient values for
membrane glycoproteins was D=2X 107" cm’
s~ ! at 30°C).

Following Jost (p. 136 of ref. 23). we can use
the approximation for ions in solids

D=3x10"*exp(—AG/RT)

to obtain AG* =11 kcal/mol~ . The values de-
rived from future experiments at different pH
values, temperatures, solvents and ion substitutes

* The intercepts of the lines are not exactly zero. The detailed
analvsis of this will require further data. The cause of the
intercept of the g-axis could be an inherent width (al=0).
Alternatively, perhaps. some form of change in the relative
initial charge position at the low holding potential will cause
the intercept to appear with an intercept on the Ar-axis.
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AT2x10° (sec2)

Fig. 5. A plot of the least-squares values of o versus 732 for
the various nerves. (A) Meves 2H,0 experiment. (O) from
Myxicola, and (@) Kimura's squid data. Meves H,O data were
too scattered to have any meaning due to interference with
cffects in the fitting due to the k;-process. The slopes of the
lines are equal to \/Z_D/J. The straight lines are least-squares
fits. The fitting equations are 6=16.88-173/2 +1.49xX10~3;
6=17.75-Ar*/2 —0.75%10"% and o=14.1-2r32 —~444%
10 =3 (top to bottom, respectively).

may be useful in characterizing the detailed pro-
cess contributing to the value of o.

However, the description of the behavior of o
and Az alone serves to explain, at least qualita-
tively, the differences in the ‘delay foot’ of the
current transients. These become longer with hy-
perpolarizing prepulses. The value of Az changes
linearly with the depolarization pulse. o changes
faster with an apparent dependence of AV 3/ due
to its dependence on At3/2] Thus, the distribution
will tend to appear to ‘sharpen’ with larger de-
polarizations. This will then cause the current re-
sponse to appear to have a longer ‘foot’. The
change in the foot with the length of the prepulse
reflects the time required to establish the new
steady-state charge distribution. These can be
clarified by further careful curve fitting. Future
experiments should be carried out at lower tem-
peratures, and using ZH,O seems to allow better
separation of k, from the o and Az variables. Such
conditions will most clearly enhance the con-
sistency of all three.

A final observation about the analysis concerns
a distortion of the distribution that may show up

during small depolarizations. If the velocity of the
ion sheet is slow, the time taken for the distribu-
tion to arrive at the ‘line’ can be so long that
appreciable further diffusion can occur at the trail-
ing side while the leading side is already sensed.
The distribution as measured in time will appear
to be distorted with a ‘tailing’. This will tend to
distort the whole current curve. The curve fitting
does not account for the distortion; the values of
both &, and k, will be affected. This could be the
cause of the apparently anomalous value of &, at
low depolarizations. (See section 3.5.) Recently,
such a distribution was found experimentally for
muscle measuring single-channel triggering distri-
butions [25].

In conclusion, the values of ¢ found from the
least-squares fitting of the data are related linearly
to A73/2 with a slope of about 14 s~/ From this
value, an approximate value for D. the diffusion
coefficient, can be found assuming reasonable dis-
tances of travel. The calculated diffusion coeffi-
cients are charactenstic of solid-state diffusion and
reinforce the conclusion that the (o, Ar)-process
occurs inside the membrane. *

3.3. Calculation of the charge involved in the (o, At)-
process

Ware and Flygare [26] measured the time-
average values of both the diffusion coefficient
and electrophoretic mobility simultaneously for
serum albumin in solution. However, to the
author’s knowledge, no measurement has been
made on any material where the effect of the time
evolution of the voltage-driven ionic transport and
the random thermal diffusion could be observed at
the same time. Thus, the treatment of this problem
is dwelt upon at some length below.

In the analysis made in the preceding section,
the parameter Ar describes the voltage-dependent
part of the charge transport. o describes the volt-
age-independent transport: In other words, o rep-
resents the effects of diffusion in the moving frame
of reference. The two types of transport are sep-
arately characterized by two different parameters,
and so the two classical transport equations can be

* See footnote, p- 251.



K.A. Rubinson/ Heterogeneous Na™ kinetics 355

solved simultaneously and applied to the analysis.
For the electric field-induced transport, Stokes’
equation can be used, i.e.,

_ A=l

v= 6=nr ®
where F has the units of force V~! em™! unit
charge™!. 7 is the solution viscosity and r the

radius of the charged unit.
For the purely diffusive part, the Einstein-Stokes
equation applies
_ kT
- 6myr’

(89

The denominators can be set equal and we can
write

Fiz| _ kT
— b (10)

Numerical values can be substituted into eq. 10
and an unambiguous value of the net charge trans-
ported, |z|, for the (o, Ar)-process can be calcu-
lated. First, as noted in eq. 7, the slope of the plot
of ¢ versus Ar3/2 is V2D /d (fig. 5). This relates the
diffusion coefficient to the distance traveled. Ex-
perimentally, V2D /d = 14 or D= 1144d>. Second.
the value of the velocity is replacing using v =
d/Ar. Third, the value of F|z|, the force on a
charge |z} in a unit electric field, is F|z|=1.6 X
107 2}z| dyne V™' cm™' [22]. The change in
electric field in (V cm™!) is related to the potential
jump by AE = (AV,, /d). Together,

V.
Flz|= 7:" X 1.60% 107 12|z| dyne.

Thus, €q. 10 can be rewritten

VoA

<l
72

7 5 kT
X1.6X10 2= —— 11
= 11442 an

Since the arbitrary value 4 drops out,
FI=kT/(118-AV, -As-1.6 %10 12) (12)

Then we substitute k=1.38X 101, T=280K,
and the constant value of AV, - Ar=2X 1077V s
from Kimura’s H,O data as seen in fig. 3. Thus,
€q. 12 can be solved for the value of |z| unambigu-
ously. The value of |z|= 10.6 elementary charges.
From the plots of fig. S, this value could be as low
as 8.6. It will be interesting to see whether the

value changes with pH or temperature on the same
nerve in the same bathing medium.

From the value of [z], the electric field energy
available from the charge transport can be calcu-
lated. We consider that the threshold for a trigger-
ing of the channels occurs at about 20 mV de-
polarization (after correction for shielding—see
table 2). With the assumption that the approx. 10
charges traverse the entire potential. the energy
available is 4.6 kcal mol~!. This is enough to
break about two to four hydrogen bonds.

3.4. The values of k,

After the heterogeneous triggering, the current
appears with a rate characterized by a first-order
rate constant, k,. The values of k&, are found from
the computer fitting. A plot of these values is seen

O°F -
A ,
P 1B -
— 4 +’
bl s +
.8 ) ;
s’ s
(2] // 7 *
E ey . )
ey ~-~L - .
== v N .
3 s E )
ok 4 J
// 1 r h
£
ot X as) 4
200
25 80 &0 0C 20 -G 2c & 2C %o

mV Depolarization

Fig. 6. (A) Plot of log k&, versus depolarization (mV) for squid
nerve. The numerical values are shown in table 1. (®) Kimura's
data with k, =180 held constant. (&) Meves *H,O data with
k> =160 held constant. For a 10-fold change in rate. the slopes
of the straight lines are. respectively. 54 and 61 mV. The data
of Meves for the nerve in H,O are too scattered to have
significance; this scattering arises from lack of a clear separa-
tion of the k,- and Ar-processes. (B) Data for instantaneous
repolarization from Hodgkin and Huxley {3]. This is replotted
from fig. 9 (p- 484) of this paper. Axon 25 was puised to 110
mV absolute and returned to — V,. This is the process char-
acterized by B,,. The ordinate is the ratio of the rate constant
measured compared to that measured at V,=0. Since the
voltage scale in the original paper is reversed from the contem-
porary sense, the abscissa scale is reversed from that in A. The
line drawn has slope —61 mV. The similarity of the slopes
(with the reverse sign) in A and B suggest that the B_-process is
the reverse of that characterized by k.
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mn fig. 6A. They follow the behavior [12]
(dlog &,)/d¥V=(Az#*Fa’) /RT=constant (13)

where Az¥ is the charge of activation, F the Fara-
day constant, R the gas constant, and 7 the abso-
lute temperature. a’ is the transmission coefficient
[27,28]. This behavior is characteristic for an ‘in-
terface polarization’ [12].

The line fit in fig. 6A is entirely adequate
without considering a simultaneous, reverse reac-
tion characterized by k_;. This simple behavior
might be explained by referring to experience with
simple exponential—first-order—kinetics. It is
difficult to separate out two concurrent processes
where the rates differ by less than about a factor
of two; the sum of two exponential relaxation
pathways is difficult to discern from a slightly
skewed single-exponential process unless each can
be measured independently. Now assume that the
two concurrent reactions are in opposite directions
with one rate at least 10-times faster. An example
is

A
X =Y: k,>10k_,
where the contribution of the reverse process to
the relaxation rate constant will be difficult to
detect in an experiment measuring only the overall
rate of relaxation due to a pertorbation of the
equilibrium. It follows that a complete description
of all the forward and reverse rate constants may
not be possible unless they happen to fall in a
narrow, convenient relative range at the potential
used. (See ref. 12 and references therein.)

In the case of the &k, and k4 _, (or the Hodgkin-
Huxley 8,)) rate constants, a change by a factor of
10 in the relative rates occurs over only 30 mV
(vide infra): one accelerates by a factor of three
and the other decelerates by the same factor. So
we can consider only the forward rate process
alone although both forward and reverse reactions
proceed at the same time. However, due to their
strong voltage dependence, the rate-determining
step of the reaction arises from the charge polari-
zation in one direction only. The progress of the
reverse process is negligible.

The criterion of reversibility of interface polari-
zation requires an approximately equal but oppo-

site slope in eq. 13 for the forward and reverse
reactions. This requirement seems to be fulfilled in
the kinetic pairing of the &k, forward process dis-
cussed here and the reverse, ,,, process (in the
Hodgkin-Huxley nomenclature). These are il-
lustrated in fig. 6A and B. In fig. 6A, the values of
k, from the computer fitting are shown for two
squid nerves. In fig. 6B, the data of fig. 9 in ref. 3
(p-484) are replotted. The voltage scales are, in
effect, reversed between fig. 6A and B, since the
old nomenclature is used in the latter. This presen-
tation shows clearly the similarity of slopes de-
rived from the directly measured ‘fast turnoff’ on
the nerve and the turning-on as extracted from the
statistical triggering model. If the temperature de-
pendencies of these rates are parallel, the sugges-
tion that these processes are., indeed. the reverse
of each other will be strengthened. Similarly, if
both have the same hydrogen-deuterium isotope
effects, the conclusion will be firmer still.

One caution is needed, however. The slopes do
not have to be exactly equal for a given nerve,
since a’ for the forward and reverse reactions can
be different according to charge-transfer theory
[28].

Concerning the origin of the k;-precess, the
value of the slope, (AzFa’) /RT, is greater than 54
mV which is expected around 0-5°C for a
monovalent charge traversing the total potential
drop. Since a cannot be greater than 1, this result
suggests that a lower limit to Az¥ is about 1.13
charges.

Recently, single-channel measurements of Na*
current flows have been interpreted as requiring
Na™ to fill empty binding sites within a pore for

- conduction to occur [29]. This hypothesis is quali-

tatively in agreement with the above analysis, since
a surface polarization will occur at the ion-selective
pores. Also, the agreement is quantitative with the
charges causing the process being monovalent.

3.5. The values of k,

The values of kX, from an unconstrained least-
squares fit (a, Az, k,, k,, A, all freely varying) are
displayed in table 1. The values are plotted versus
depolarization voltage in fig. 7. Overall, the value
of the variable appears to be independent of volt-
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Fig. 7. Plots of the values of &> from the least-squares fitting of
the model equation versus depolarization step potential size.
(A) Kimura’s data from a squid nerve in H,0. (B) Meves™ data
on a nerve in H,0. (C) the same nerve in *H,0. The straight
lines are at the average values.
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Fig. 8 Simulation of the voltage-clamp currents with changes
in the value of k,. The bottom curve of each is the least-squares
fit to Meves 2H,0 data at 40. 60. 80 and 100 mV depolariza-
tion from a holding potential of —78 mV. In each, &k, = 160.
The two curves above each of these are calculated using &, =50
and O, respectively. This simple change mimics the experimen-
tal results on a nerve treated with pronase internally. A slowing
of &k, kinetics mimics the changes seen with trinitrophenol.

age. The values for the same nerve in H,O and
*H,O (fig. 7B and C) are k,(H,0)=220 and
k,(*H,0) =160, respectively. at 4°C. The con-
stant value of &, is determined from the average of
the values—excluding the anomalous one if pre-
sent. As discussed above, the anomalous value of
k5 (found for the smallest analyzable depolariza-
tion current) may result from the use of an imper-
fect distribution function.

If the value of &, is independent of potential as
indicated, the rate of the process must be therm-
ally determined. The nature of the process can
perhaps be clarified by referring to chemical mod-
ifications which are known to change the rate of
the channel closure. Perhaps the most informative
of these experiments is the addition of tri-
nitrophenol to the bathing medium. This behavior
can be mimicked quite well by using smaller values
of k, in simulations. A sketch of such changes for
a hypothetical experiment is shown in fig. 8. The
chemistry of trinitrophenol is varied but it can
behave as an ion trap [30], i.e., it could interfere
with ion recomtination. This is consistent with the
voltage independence of the k,-process.

Onsager [31] ard Mozumder [32] have shown,
and others have demonstrated the validity in solu-
tions [33,34] and in the solid state [35). of the
diffusion-controlled ion recombination in an elec-
tric field. The separation process is voltage depen-
dent while recombination is not. Other possible -
mechanisms of action have been discussed by Ox-
ford and Pooler [36].

If the values of k, are. indeed, completely volt-
age independent, then a simple enthalpy and ent-
ropy of activation should be able to explain the
temperature dependence. The fitting of data from
nerves having their k,-process altered might yield
effective equilibrium constants or dose-response
curves for the binding.

3.6. Overview of the kinertic factors

Four variables are used here to fit the time-
dependent part of the Na™ currents seen in simple
voltage-clamp expenments. These are o, At, &,
and k,. The values of the parameters are simple
functions of the potential jump and follow known
chemical behavior.
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The turnoff upon prolonged depolarization is
characterized by a rate constant k,. This is a single
number: a simple, voltage-independent rate con-
stant.

The change in values of &k, with potential jump
can be described using a single charge of activa-
tion. Az*. The functional dependence of the rate
constant with voltage follows from activated-state
theory.

The values of Ar for all potentials are explained
using the equivalent of a single molecular mobility.
A correction is required for partial shielding of the
external voltage change.

The values of o can be interpreted using a single
diffusion coefiicient for a species migrating for a
time, Az. The combination of the behavior of o
and Ar can be used to calculate a value of the
charge of the species responsible for the process.

And finally, as required from symmetry, the
same Az* that describes the voltage-dependent
change in k; also describes the potential depen-
dence of the reverse process. The latter is that
characterized by the B8, of Hodgkin and Huxley.

3.7. The values of A,

Reproduced here is eq. 4 for the current flowing
through the active channels

A, = a, s f-8nararea 4)

where a,, is the number of channels/cn?, py, the
chemical potential in the transmembrane con-
centration gradient, f the fraction of channels that
open, g, the conductivity of a channel + (series
resistance/channel) ' and. area is the area of the
sampled nerve in cm?.

Inherent in ihis factoring is the assumption that
there are no ‘partly conducting’ channels. This
follows from the assumption that the number of
channels, a,, is constant and is voltage indepen-
dent. Thus, the product f-a_ is a proper descrip-
tion of the number of channels that can pass
through the conducting state. Since there appears
to be no independent proof for these statements,
this factoring must be considered provisional. For
instance, if all the channels have reduced conduc-
tance at low potentials, but all are active, f would

become the ‘fraction of maximum conductivity’
for each channel.

General agreement seems to prevail that the
chemical potential defines the ionic driving force
across the membrane. This is supported by multi-
ple-pulse clamp experiments where the so-called
instantaneous currents follow the relation g (V —
Vi) where Vi, is the effective Nernstian poten-
tial. Here, in this new description, the A4, term
relates the same information as the instantaneous
currents measurements except that the whole cur-
rent response over time is used to determine it.
There is the added advantage that special multi-
ple-pulse experiments need not be done to mea-
sure them; this is an inherent part of the analysis
due to using ‘channel-conserving’ kinetics.

The values of 4, from the least-squares fitting
are displayed in fig.9. However, because the
behavior of the values with voltage are not derived
from symmetry relations as are the kinetic rate
constants, some assumptions must be made to
scparate the values of each (or sets) of the factors
in eq. 4 in order to explain the curves.

From fig. 9 we see that the values of 4 follow a
linear relationship with voltage for the squid nerve
from about —10 mV to the highest analyzable
transmembrane potential where a kinetic analysis
could be done accurately. Assuming that the entire

-60-40-20 O 20 40 -60-40-20 O 20 40 60
v{mV)

Fig. 9. The values of 4, in pA found from the least-squares
fitting procedure plotted versus the absolute transmembrane
potential. The values plotted on the left are calculated from the
data of Kimura. The active area was 0.07 cm?; the slope of the
line is equivalent to a conductivity of 9.5X 1073 (2 cm?®)~ .
The values plotted on the right are from the data of Meves in
H,O (&) and 2H,0 (A) on the same nerve. The straight line
has a slope of 3.3%X1073 (R cm®)~ ') for an area 0.25 cm’.
Other conditions of the experiments are listed in table 3.
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Table 3

Experimental conditions and da1a for fig. 9

Left Right
(from (from Meves: solid
Kimura) points H,O.
open points
2H,0)
External media (mM) 460 Na™ 70 Na™
Internal media CsF tetraethylammo-
nium ™
Clamped area (cm?) 0.07 0.25
Resting potential (mV) — 100 —78 (*H,0).
- 80 (H,0)
Temperature (°C) 15 4
Slope of line (2 cm?) 106 300
Conductivity (gn,- a,,) (mmho cm™?)
9.6 33

slope is due to the changing electrochemical poten-
tial, we extrapolate the line to more negative
potentials to find the ‘expected’ current value in
that region. However, these values are not reached
in the experiments. Mindful of the arguments made
in the beginning of this section concerning the
meaning of f, we can assume that this behavior
results entirely from having less than the total
number of the channels being activated; f is less
than 1. The values of f, the fraction of channels
open, can then be calculated. These are displayed
in fig. 10. Both nerves show quite similar behavior
even though the holding potentials differed by 20
mV. The value of f seems to change linearly with
the transmembrane potential before becoming
constant near — 10 mV absolute transmembrane
potential. This is in excellent agreement with the
results of Begenisich and Busath [29] as recently
found in single-channel behavior. They interpreted
this as being due to saturable Na* permeability.

From this limited sample, the properties of 4,
appear to depend on the transmembrane potential
and not on the potential jump size as do the
Kinetic parameters, 6, Az and k,. This difference in
behavior partly explains the necessary complexity
of models that have described the voltage-clamp
results with absolute-voltage-dependent parame-
ters only.

Possible tests for the various phenomena

1.0}t

2 L1 1 1 1 1
-40 -20C O 223 40

VimV)

-60

Fig. 10. Plot of the value of f. the fraction of channels open.
versus the absolute transmembranc potential. (@) From
Kimura's data, (A) from Meves data. As discussed in the text.
this could be a fractional channel conductivity instead.

observed here might be to substitute different ions
in the solutions such as done by Tasaki et al. {37]
and fitting the data as done here. (To the author’s
knowledge, papers describing such voltage-clamp
experiments report only changes in peak currents.)
To test whether the value of fis an indication of
the channel number or channel conductivity, one
might change the internal and external Na* con-
centrations simultaneously such as to hold the
Nernst potential constant and see whether there is
a change in the behavior of f. This might show up
as a change in the voltage at which ‘saturation’
occurs: where the value of f becomes unity.

3.8. The present model and ‘gating currents’

A number of experiments have been run at-
tempting to find the ‘gating currents’ that accom-
pany the kinetic processes responsible for the
changes in Na* and K* conductances. This area
of study has recently been reviewed by Almers [38]
who clearly states the positive and negative evi-
dence. The question reduces to whether the cu:-
rents that are seen, generally called ‘asymmetry
currents’, are related to the movement of charges
in the membrane which result in the opcning of
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the Na™ channel. As Almers points out, any charge
motion observed will be inside the membrane.
However, the origin of the ‘lezky capacitive’ cur-
rents is still obscure. Recently, Armstrong and
Gilly [39] have detected numerous components in
the asymmetry currents. They have put forth a
model which in some aspects is similar to the
author’s [11]. While there are many possible corre-
lations between the asymmetry currents and the
channel opening, there is a strong argument for
the disassociation of the two phenomena. At the
suggestion of the author. Meves [15] showed that
the asymmetry currents were unaffected by the use
of 2H,0 in place of H,O. But the rates describing
the Na™ currents were changed markedly by the
substitution. These results were confirmed by
Schauf and Bullock [40]. On the other hand, there
is the possibility that at least part of the asymme-
try currents can be due to the surface charges
responsible for the electric field shielding reflected
in the Az-process.

If the nerve is correctly described by the model
presented here we, can state a conclusion with
assurance about only one of the processes associ-
ated with the Na™* currents. Since the slow turnoff
upon prolonged depolarization, the k,-process, is
voltage independent, no voltage-dependent asym-
metry currents are expected to be seen arising
from it.

From the simple time course of the two, volt-
age-dependent processes, (Ar,0) and (k,;,8,). it
follows that the kinetics of the gating currents
should follow closely. More important, changes
with temperature, with changes of solvent, and
with pulse protocol should be the same in order to
claim that the gating currents could be related.

In contrast to the time course correlation, the
magnitudes of the currents are open to wide
surmse. This 1s so because of the wide range of
reasonable presumptions that can be made about
possible distances moved by the approx. 10 charges
(for o, Ar) or charges of unknown size (for &k, 8,,)
over unknown fractions of the total potential. In
addition, there is complete ambiguity concerning
the number of sites. For instance, will the (Ar, 0)-
or (k,, B_,)-processes be characteristic of the whole
membrane (one site/30 A?), of the number of
transmembrane proteins (about 100-times the

Na * -current-blocking-toxin binding sites), or of
the number of tetrodotoxin-saxitoxin binding sites
(=~ 100/pm® = one site/10° A%)? Additionally, we
do not yet know if one toxin site comprises one
‘channel’.

Because of the lack of any data illuminating
answers to the above ambiguities, we must retract
to the position that the gating currents must be
found to follow the time course of the rates of the
elemental processes. The currents that do not are
most likely to be ‘noise’ from other (far more
numerous and massive) parts of the membrane.
The differences in the effect of 2H,O on the Na™
currents and the gating currents supports the like-
lihood of such an origin.
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Appendix
A.1. Mathematical derivation of the current equa-
tion

The integrated form of the amount of ‘C’ in the

ky _ka
reaction A —C =D is given by

ki
=%

[Acd(e™¥ v —e7*a) (A1)

when all the material is in the ‘A’ form initially,
i.e, A,. To this we convolute a Gaussian distribu-
tion of the form

P=(1/0y/37 ) exp(—u?/20%). (A2)

For ease of computation, let (1/ov27)=N and
[k, /(ky — k;)]= M. For the time ‘u’ at which the
pulse starts for the unconvoluted central point,

exp] —k;(t1—u)] t>u
O <<u

o= |
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The convolution of eqs. Al and A2 is then

-]
f_ [AG. )+ fo(a. u)] M-N-exp(— u2/26%) du
. ﬂ,.]\yf' [e—A.u—u)_ e—k;(:-—u)] e—u: s2a? du
— o
+M-N[T0-emur e gy
j; e u
The actual start of the pulse will be a time Ars
before the time wu. The practical form of this
equation can be derived by completing the squares.
Each exponential is of the form
exp[—(u2/2ol)— ki — k|u]
=exp[—(u - k|oz)z/202 — kg + ;k?oz]
=exp(—k,r+ k2 )~exp[—(u —k6° )2/202] du
Reverting to our integral, there are two of the
form
exp(—k,r+3kie?) N:\lf' cxp[—(u-k;oz)z/laz] du
(A3)

— k.o
Let 5, =2%"%%  ihends,=-9%

oy2 oy2

When u=1, §;= ]2 (/0 — k;0). However. the
integral (2/v@) [ . exp(—S?) dS is the comple-
mentary error function. erfc(z). Thus. eq. A3 be-
comes

Nt o— ko) . .
exp(—kiz + ;kizo:)f; / w7 Fexp(— S?)ds

where the integral equals jerfc.

1(1)=(2yZo) '[A )k /(k2— k)]
X [exp(— k1 + :kie?) erfe(S;)
—exp(—k21+%k;‘_o:)erfc(sl)] (A4)

For the computer fit, the curve is calculated by
convolution and then merely shifted in time Az
until the best fit is obtained. Thus, we substitute
t=(t— Az) into eq. A4 to obtain the equation
used with the computer program. That is

](1)=(2ﬁo)—l[Ao][kl/(k2—kl)]
X {exp] — k(1 — Ar)+ ko] -erfc(S))
—exp] ka(1— A7)+ Lkio® -erfc(S;) } (AS)

where erfc(S;) uses S, =2712[(z — Ar) /o — ko).
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